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Abstract

The present paper deals with the theory of [0, 1] valued maps defined on a nonempty set X. We
have concentrated over the study of two types of functions, viz. tight functions and smooth
functions. The notions of lower and upper envelopes of a function £ defined on a sublattice K of
I * are introduced, and are extensively used to prove several results. Finally it is obtained that
every supermodular and smooth from above function can be extended to an inner regular quasi*-
measure.
Introduction

In measure theory, a basic procedure is that of extending the notion of a "measure™ on a
given class of sets to a larger class of sets. Kelley, Nayak and Srinivasan [4] proved that a
nonnegative real valued function  defined on a lattice A of sets is a premeasure (meaning that it
extends to a countably additive measure on a &ring of sets containing A) provided s is tight and
continuous at ¢. The extension of this theorem to the case of a real valued (not necessarily
nonnegative real valued) function is dealt in [9]. In 1981, Morales [8] established a quite general
extension theorem for a uniform semigroup-valued tight set function A on a lattice L, the domain
of extension being the o-ring generated by L. He also discussed the extension of A on the o~
algebra of locally L-measurable sets. The problem of generation of measures by tight functions
defined on a lattice of sets has been taken up by several workers [2, 6, 10, 11, 12]. Adamski [1]
proved that every nonnegative, semifinite, smooth at ¢, tight function defined on a lattice of sets
can be extended to an inner regular measure. Besides proving results on the approximation of
measurable sets by members of a lattice A, Kelley and Srinivasan [5] proved that every function

1A — R", which is tight and smooth from above at ¢ is a premeasure (here A is closed under

countable intersections). In [9], a weaker condition for tightness than in [5] is used, aiming at its
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adaptation to the vector valued case. Recently we have obtained a Jordan decomposition type
theorem for a weakly tight function under suitable conditions [7].

In Section 2 of this paper we have proved a theorem on characterization of a modular [0,
1] valued function g defined on a lattice K of elements in 1*. The notions of lower and upper
envelopes of g, introduced in this section, are extensively used in the rest of the paper. These
notions lead to the definition of a tight function, a particular case of a p-tight function which
turns out to be monotone and modular.

Section 3 deals with the study of functions which are smooth from above and we also

obtain that if 8:K — | is smooth from above, then for any f e K, its upper envelope S (f)
can be expressed as the limit of the sequence {A(f,)},, where {f .}, is a sequence in K
decreasing to f. While giving the notion of a ﬁ-function with the help of upper envelopes, we
observe that 8 is Kj-inner regular. Finally, it is proved that every supermodular and smooth
from above function defined on K can be extended to a K -inner regular quasi*-measure.
Notations. Throughout this paper, X denotes a nonempty set and I= [0, 1] is the closed
unit interval of the real line R; C denotes a subfamily of 1” of all functions from X to I; K stands

for a sublattice of 1” containing the least element 0 and the greatest element 1, where 0 and 1

are constant functions sending each xeX to 0 and 1 respectively; f:K —land p: 1% —1

denote functions satisfying £ (0) = 0 and p (0) = 0. We call the triple (X, K, /) a premeasure

space. The family of all countable meets of elements in K is denoted by Kj .
2. Measuring Envelopes and Tight Functions
Let Cc 1* be a lattice and & : C—Il be a function. We call &monotone if, f,geC,
g<f=£&(@)<&(f). The function ¢ is to be called modular if
E(f)+&(@)=&(fvg)+<&(f AQ), f,geC. A functionF:K — lis called semifinite if, for
every f eK, B(f)=sup{p(g):g<f,geK}

Proposition 2.1. Let (X, K, f) be a premeasure space. The function  is modular if and only if
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ﬂ(f1)+ﬂ(g1):ﬂ(f2)+ﬂ(gz)a 2.1.1
where f,, f,,9,,0, eKwith f, Ag, =f, AQ,and f,vg,=f,vQ,.

Proof. Let g be modular. For f, f,,0,,9, € Ksuchthat f, A9, =f, Ang,and f,vg, =f,vo0,
,we have g(f, v g,)=p(f,v0,), and SO
A1)+ p(9,) - p(f A 9) = B(,) + B(9,) - B(f, A ;) Since  f,Ag, =T, Ag,, we get
A1)+ p(9,) = p(f,) + 5(9,)

Conversely, let (2.1.1) hold. Let f,ge K. Since ((fvg)v(fag))="fvg and
(fvea(frg)=Ffag, (211) vyields g(f)+p(9)=A(fvg)+p(fAQg), ie S is
modular.

Proposition 2.2. Let B : K — | be a function. Suppose that f,f,,9,,0, €K,
fl = f2' g < gzand fz - fl =0, -0 If B SatiSﬁeSﬂ(fz)_ﬂ(fl) :ﬂ(QZ)_ﬂ(gl)’

then S is modular.
Proof. Let f,ge K. Since (fvg)-f=g-—(fAAg),we gets(fvg)-p(f)

=B(9) - B(f ~g),or p(fva)+p(f Ag)=p(f)+ 5(9).
Definitions 2.3. We define B.:1* —land
p(f)=sup{p(9):g<f,geK}
and
g (H)=inf{p(g): f<g,ge K},
for f e 1” andcall 8. and 3 the lower envelope and the upper envelope of 3 respectively.

We obtain:

(i) 7(0)=0=5.(0);

(i) both B. and g~ are monotone;

(iii) 571K << BIK;

(iv) Bis semifinite iff 4 is monotone iff " | K= B = B.| K.
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Definitions 2.4. Let f: K—land p: 1* — 1 with #(0) =0 and p (0) = 0. Then g is called p-
tight if
p(E)=p(f)+p(f, - 1), f, f,e K, f,<f,.

The function gis called tight if gis p.-tight.

Proposition 2.5. Let S be p-tight. Then

(i) pis an extension of g,

(i) pis monotone;

(iii) Sis modular.

Proof. We shall proved only (iii).

(iii) Let f,, f, eK. Since (fvf)-f,=f—-(fiaf,), we get

BtV 1) = () = p(fy v T, = 1,) = p(f, = T A 1)) = B(11) = (T A 15).

Definitions 2.6. Let p:1* — 1 be a function with p (0) = 0. We call f e 1 p-
measurable if

P@)=p@rf)+p(@-gnf)
forall gin 1. The family of all p-measurable functions is denoted by M (). We define
M (p;K) ={f e 1" : p(g) = p(g A F)+p(g—g~ f)forall g e K};
and, forD c 1, F(D)={f €1* : f Ag eD, forall geD}.

We obtain :

(i) The functions 0 and 1 are p-measurable.

(i) If f is p-measurable, then p(f') = p(1)— p(f), for p(1) = p(LA )+ p(L-1A ).
Here f'=1-f.
Proposition 2.7.1f K =M (p; K ) and pis an extension of g, then gis p-tight.

Proof. Let f,,f, e K with f, <f,.Then f,,f, eM(p; K) and so, for any ge K ,

p(@)=pan f)+p(g—-gnf), i=12.Consequently,
B(£,)=p(f,) = p(fy A T,)+ p(f, — f A 1)) = p(f;)+ p(f, - f;), showing that g is p-tight.

79 International Journal of Engineering, Science and Mathematics
http://www.ijmra.us, Email: editorijmie@gmail.com



http://www.ijmra.us/
http://www.ijmra.us/

International Journal of Engineering, Science and Mathematics
Vol. 10 Issue 09, September 2021,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijmra.us, Email: editorijmie@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & Listed at:
Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

Proposition 2.8. Let p: 1% — | satisfy p(0) = 0. Let B be p-tight. Then

() Ke M (g K);

(ii) forany D c 1 *with K €D <M (g, K ), F(D) < M(p; K).

Proof. (i) Since g is p-tight, by Proposition 2.5, pis an extension of f. Let feK . Then, for
any g € K,p(9)=p(9) =@~ T)+p(@-gnAf)=p(gaf)+p(g-gnaf). Hence Kc
M(p; K).

(ii) Let geF(D). Then f AgeD < M(p; K), foreach f €D. Lethe K. Then he D, and
so hageM(p, K). Also
ph) = p(hahag)+p(h—hahag)=phag)+p(h—hnrg)
which yields that g € M(p; K).

Theorem 2.9 . Let £ be monotone. Then the following statements are equivalent:

(i) pis tight.

(il) K M (B~ K).

(i) F(K ) = M ( B+ K).

Proof. Since £ is monotone, by (2.3) (iv), | K= 4.

(i) = (i1). Follows from Proposition 2.8 (i).

(i) = (i). Follows from Proposition 2.7.

(if) = (iii). Let ge F (K ). Then, for each heK, hange Kc M (f; K).
Hence, for heK, g.(hag)+p.(h—haQg) = p.(h),i.e.ge M (B K ).

Finally, since Kc F (K ), (iii) = (ii) holds.

Similarly, we obtain the following :

Proposition 2.10.Let £ be monotone. Then (i) = (ii) = (iii), where

) F(K)<=M(B);

(i) Ke M (B);
(iii) fis tight.
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Smoothness From above and Quasi*-Measure

Definition 3.1. LetC < 1 *. A function &: C—l is called smooth from aboveat f eC if £is

monotone and, for any sequence {f,}rin Cwith f 1 f,
lim &(f,) =&(f).
If £is smooth from above at each feC, then £is to be called smooth from above.
Remark 3.2. A function g : K—I is smooth from above at feK if and only if g is
monotone and, for any sequence {f,}r in Kwith f | f,
L(F)=inf{L(g):ge K and g > f,for somen }.
Definition 3.3. We call a family Cc | * semicompact if, every sequence in C having
finite meet property (i.e. any finite subcollection of C has nonzero meet) has nonzero meet.
Theorem 3.4. If g2 K — | is monotone and K is semicompact, then £ is smooth from

above at 0.

Proof. Let {f,}", be a sequence in K with f; 0. Thena f; =0. Since K is semicompact,

fn = 0 for some n, and so g(f,,) =0for m>n. Thus lim g(f,)=0, showing that £ is smooth at
nN—o0

0.

Lemma 3.5.Let g : K — | be smooth from above. Then, for any f € K, there exists a

sequence{ f,}+,in K such that {f }{ f.For each such sequence 8" (f)=inf B(f,).
n

Proof. Let f eKs Then f = ilhn for some sequence {h,}in K, which yields a sequence {f },_,
n=

in K such that f, { f.
Let geK such that f <g.Then {gv f,}{ g and so il(g v f,) =g. Since £ is smooth
n=
from above, we have Ilim g(gv f,)=inf g(gv f,)=£(g).Also, since S is monotone,
Nn—oo n

p(f)<p(@v f,), for each n, which implies that inf g(f,)</£(g). Consequently,
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inf B(f,)< B (f). Next, for any ne N, we have f < f ,and so g (f)<pg (f,) = A(f,).
Hence ﬂ*(f)sir:]f B(f,). Thus ﬂ*(f)zir:]f B(f).

Definition 3.6. We define 3:1% — I by
B(f)=sup{B7(9):g<f,geKa felX.
We obtainthe following :

(i) £ (0) = 0 and A is monotone.

(i) p<p

(i) B|Ks= B7| Ks in particular, Z|K = B"|K.

(iv) If8is monotone, then 3 |K = f3, i.e. Ais an extension of 4.

Proposition 3.7.1f K = Ksthen

(i) p<B..

(i) Bis semifinite = 3 = }..

Proof. (i) Let f e 1*and geK with g < f. Since 8’| K< S| K and f. is monotone, we
get B7(9) < B-(9) < B.(f). Hence B(f) < B.(f).

(ii) For f e 1*, using 2.3 (iv), we get B(f) = B.(f).

Theorem 3.8.1f3 : K—lis smooth from above, then " |Ksis smooth from above.

Proof. Suppose that {f,}is a sequence in Ksand f, { f eKs For each n, we obtain a

sequence {f,,}-_in K such that {f .}, { f,and gB°(f,)=lim B(f,). For neN, set
m—oo

g, =foAfoAnf,. Then g,€K, {g,}is decreasing, g,=>f for all n, and

g=Ilmg, =~g, 2Af, =f. Also f,>g,for k<n. Therefore f, =lim f, > g.It follows
that f = A f,>g. Thus f = g. We obtain, by Lemma 3.5,

B (1)=lim B(g,)> im £"(9,)> lim £"(f,)
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Also, since f < f, for each n, and $"is monotone, we conclude that g*(f)< lim g"(f,). Thus
N—oo
B (f)=Ilim g (f,),ie | Ksissmooth from above.
n—o0

Definition 3.9. Let C < 1*be a lattice. Then & : C —l is called supermodular

(submodular respectively) if, for f,geC,&(f)+&(g9)<&E(fvg)+&(f AQ)
(E(F)+&(g) = &(f vg)+&(F AQ) respectively).

Proposition 3.10. (i) If gis supermodular, then f. is supermodular.

(i) If gis submodular, then A" is submodular.

Proof. (i) Let f,f,el”. For £>0, we obtain g,,g, €K, f >g,, f,>g,such that
P(f)—¢el2< p(g,)and B.(f,) —e/2 < p(g,). It follows that
Be(f)+ B(1) =< B9,V 9,) + B(9: A 9,) < Bu(fy v ) + B (fL A Fy).
Since ¢is arbitrary, we get S.(f,)+ S.(f,) < S (f, v £,)+ LB (f, A T,).

Proof of (ii) follows analogously.

Theorem 3.11.Let f:K—l be smooth from above. Then (1) = (2) = (3), where

(1) pis supermodular ;

(2) B | Keis supermodular ;

(3) (@) Bis supermodular ;

(b) Bis smooth from above.

Proof. (1) = (2). Let S be supermodular. Let f,ge Ks Then, by Lemma 3.5, there exist

sequences {f.}n, and {g,}r, in K such that f 4 f, g, Vg, ﬂ*(f)zlim B(f ) and
B(9)=lim B(g,). Since (f, ~g,) ¥ (fAQ), (f, vg,){ fvg and B is supermodular, we

obtain using Lemma 3.5,

B (1)+ (@)= lm A(f,)+Im A(g,) =5 (fv o)+ 5 (T Ag).
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(2) =(3) (a). Let f,gel”. For & 0, we obtain h,h,in Kssuch that h < f,h,<g,
B(f)—el2< B () and B(g)—e/2< B"(h,). It follows that
B(E)+B@) —e< B (h)+ B (h,) < B(f v @)+ B(f AQ).

Since ¢is arbitrary, we get
B(F)+B(g) < B(f v )+ B(f AQ).
(2) = (3) (b). Suppose that {f,},is a sequence in 1”such that {f }{ f, f eIX. Since

A is monotone, we have A(f,) > A(f), for each n, which yields lim B(f,) > B(f).
N—o0
We proceed to prove that lim S(f, )< B(f). Let &> 0. We choose g, € Kgsuch that
n—oo

g, < f,and
B(9,)> B(f)—-¢el2", n=1,2,... (3.11.1)
Put h,=g, Ag, A..AQ,. Then h, e Ks and {h}Lhe Ks Now, by (3.11.1), we get
B (h) = p7(9,) > B(f,)—el2. Since B7| Ksis supermodular, using (3.11.1),
B () =B"(91 A 9,) = B(F,) —(s12+5127).
&

m
Suppose that ﬁ*(hm)zﬂ(fm)—zg. Using supermodularity of A~ on K, and (3.11.1), we
i=1

obtain

ﬂ*(hm+l)2ﬂ*(hm/\gm+1) Zﬂ*(hm) +ﬁ*(gm+l)_ﬂ*(hm 4 gm+1)

> Bt =2t Bt = g = BT v )

i=1

Thus, by induction, we deduce that

ﬁ*(hn)zﬁ(fn)—_z;, for all n, (3.11.2)

n
i=1
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Note that, since g, < f,, foralln, h= A h, = A g, < A f, =f . Also, by Theorem 3.8, 8| Ks
n=1 n=1 n=1

is smooth from above. Hence, by (3.11.2), we obtain

p(£)z B (h) = lim " (h,) 2 lim B(f,) e,

and therefore 3(f) > lim B(f.).Thus 3is smooth from above.
N—oo

Definition 3.12. Let Cc 1*. We call a function p:1* — I C-inner regular if, for each

fel”,
p(f)=sup{p(9):g<f,geC}.

Proposition 3.13. The function S isKsinner regular.

Proof. Since 87| Ks= B3| K, the result follows.

Definition 3.14. We call a supermodular, smooth from above function &:1* -1 a
quasi*-measure on X if £(0) =0, and call the pair (X, &), a quasi*-measure space.

Theorem 3.15.Every supermodular, smooth from above function defined on a lattice K in
| * containing 0 and 1, can be extended to a K -inner regular quasi*-measure on 1*.

Proof. Follows from Definition 3.6 (i), Theorem 3.11 and Proposition 3.13.
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